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Navier-Stokes Simulations of Slender Axisymmetric Shapes in
Supersonic, Turbulent Flow

Kenneth J. Moran* and Philip S. Beranf
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

Computational fluid dynamics is used to study flows about slender, axisymmetric bodies at very high speeds.
Numerical experiments are conducted to simulate a broad range of flight conditions. Mach number is varied
from 1.5 to 8 and Reynolds number is varied from 1 X 106/m to 2 X 108/m. The primary objective is to develop
and validate a computational methodology for the accurate simulation of a wide variety of flow structures. Accu-
rate results are obtained for detached bow shocks, recompression shocks, corner-point expansions, base-flow
recirculations, and turbulent boundary layers. Accuracy is assessed through comparison with theory and experi-
mental data; computed surface pressure, shock structure, base-flow structure, and velocity profiles are within
measurement accuracy throughout the range of conditions tested. The methodology is both practical and general:
general in its applicability, and practical in its performance. To achieve high accuracy, modifications to previ-
ously reported techniques are implemented in the scheme. These modifications improve computed results in the
vicinity of symmetry lines and in the base flow region, including the turbulent wake.

Nomenclature
A+ = near wall region length parameter
Cd = drag coefficient
D = body diameter
e = total internal energy per unit volume
/ = Jacobian of the transformation (two-dimensional)
L = body length
N = turbulence model pressure gradient function
P+ = Clauser-like pressure gradient function (inner formulation)
p = pressure
Re = Reynolds number per unit length
r = radial coordinate
s = distance from nosetip along surface
u = velocity in axial direction
v = velocity in radial direction
x = axial coordinate
x - distance from nosetip in axial direction

= distance normal to surface
= turbulence model compressibility function
= Clauser-like pressure gradient function (outer formulation)
= coefficient in entropy function
= entropy corrected eigenvalue
= density

yzp*
e

Introduction

INCREASINGLY, researchers rely on computational fluid dy-
namics to ascertain the aerodynamic characteristics of vehicles

operating at hypervelocities. Projectiles comprise an important
class of these vehicles. Although there have been many calcula-
tions for both axisymmetric and finned projectiles (see Ref. 2 for
an excellent summary), few investigators have analyzed very high-
fineness ratio (LID) bodies, particularly with respect to modeling
stability performance at low angle of attack and turbulent bound-
ary-layer development. There is some evidence that these shapes
may exhibit stability characteristics unique to hypersonic flight.3'4
Two recent research efforts are directly pertinent. The authors of
Ref. 4 used an upwind, Euler solver to study the stability of a ge-
neric finned missile, and the researchers in Ref. 5 used a Beam-
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Warming, parabolized Navier-Stokes solver to study turbulent
boundary-layer development on long, unfinned shells at low angle
of attack.

The primary objective of the current study was to build a com-
putational methodology that is sufficiently general to accurately
compute a wide variety of flow structures. At the same time, this
method must be both frugal in its computer utilization and accurate
in predicting the aerodynamics of long projectiles. These require-
ments must be met so that the approach can be effectively used to
study the stability of long, slender, fin-stabilized missiles. The al-
gorithm chosen to meet the objective achieves second-order spatial
accuracy away from points of extrema (e.g., shocks), and will be
described later. A practical bent was taken throughout the study;
optimizing the computational speed was given a priority, and the
memory requirement was reduced whenever possible. As a conse-
quence of fulfilling the primary objective, several variations were
made to techniques published by other researchers.

The flight conditions of interest involve both high Mach num-
bers and high Reynolds numbers. This combination is physically
complicated and computationally demanding. The complexity
arises from the development of strong curved shock waves, the as-
sociated vorticity which is generated, and interaction of this vortic-
ity with the boundary layer. Turbulent transition further compli-
cates the interaction. Additional complexity is added by embedded
subsonic flow that quickly expands to supersonic flow. Finally, the
flat-base results in sudden flow separation, as well as a large mix-
ing layer and recompression shock in the wake. Each of these phe-
nomenon adds to the computational demands. Strong shocks and
boundary-layer interactions make it difficult to apply the correct
amount of numerical dissipation. The subsonic flow involves a
type change in the governing equations (from hyperbolic to ellip-
tic), and turbulent boundary layers and mixing layers require very
small grid spacing to resolve steep gradients. The current research
investigates the robustness and accuracy of the basic algorithm for
the flight conditions of interest. Specifically, tests are run for Mach
numbers ranging from 1.5 to 8, and Reynolds numbers from 1 x
106/m to 2 x 108/m.

Calculations are made on axisymmetric bodies with fineness ra-
tios between 9-23. Both laminar and turbulent conditions are sim-
ulated on the forebody and base. Because the ongoing goal of the
research is to predict the aerodynamics of both finned and un-
finned bodies, the ability of the algorithm to calculate a complete
configuration is paramount. To demonstrate this ability, laminar
flow is computed on a highly blunted, tangent ogive-cylinder
model with a flat base. The fineness ratio is 23, and Mach number
is varied from 2 to 7; total drag is compared to experimental tests
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Fig. 1 Experimental /computational models and nosetip shapes.
Fig. 2 HBTOC, M^ = 3.0, a) pressure contours (5612 grid points)
and b) surface pressure.

Table 1 Summary of sensitivity evaluations

Parameter
varied
Number of nodes

along body
Number of nodes

normal to body
Spacing at sing.

line, As/D
Wall spacing,

Ay/D
Wall spacing,

/'wall
Entropy func.

coefficient, c\
Entropy func.

coefficient, c\

Min-max
vaules
61-121

61-181

0.005-0.04

0.0001-0.001

0.6-24.0

0.002-0.85

0.002-0.85

Quantity
observed

Cd

Pressure one body
diam. from surface

Tip stagnation
pressure

Tip stagnation
pressure
3w/3ylwall

Base stagnation
pressure

Integrated
base pressure

Change in Tested
quantity configuration

4% HC

0.1% HC

2% HC

0.1% HC

15% PTOC and
BTOC

28% CFB

4% CFB

Notes
Laminar

Laminar

Laminar

Laminar

Turbulent

Turbulent

Turbulent

of this shape (with fins).4 Laminar flow is also computed on a
hemisphere cylinder, LID = 14, at Mach 7.78 and compared to the
experiments of Ref. 6 These comparisons provide a refined level
of flow interrogation to verify the algorithm's accuracy. Then, tur-
bulent flow is computed on pointed, flat, and spherically tipped
tangent ogive shells, LID = 9, at Mach 2.95. Results are compared
to both experimental7'30 and independent computational results.8
These tests determine the algorithm's ability to accurately predict
the influences of upstream effects on boundary-layer development.
Finally, turbulent flow is computed for a flat base region and Mach
numbers between 1.5-7.0. These results are compared to experi-
mental data reported in Refs. 9-14. The base flow tests are per-
formed to demonstrate the validity and accuracy of the wake re-
gion turbulence model, described later.

Computational Approach
Because the future objective is to study the static and dynamic

stability traits of high fineness ratio (long and slender) bodies, the
methodology's practical and general nature is extremely impor-
tant. The Navier-Stokes equations are solved with an explicit,
time-integration technique, incorporating an upwind, Roe-type,
flux-difference splitting (FDS) scheme.15 In practice, the equations
are solved after they are transformed from the physical (r, x) to the

computational or generalized (£, r|) coordinate system. To estab-
lish a baseline, an initial assessment of the algorithm is made as-
suming axisymmetric flow. This provides an appropriate reference
point for future investigations using the full, three-dimensional
equations.

The geometric singularity associated with axisymmetry poses
significant difficulty when employing either two-dimensional or
three-dimensional grids. Recent work reported in Ref. 16 proposed
two methods of handling this singularity for three-dimensional
grids. Both of these methods are explored here, in the context of
axisymmetric flow. Some differences were found on both the fore-
body and base. These will be highlighted in subsequent discus-
sions.

The first procedure reformulates the governing equations^jrans-
ferring the curvilinear terms to source-like vectors, H and W. For
the cylindrical form of the Navier-Stokes equations, which incor-
porate the axisymmetric assumption, transformation would yield

a/ (1)

U = J~1U
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(2)

F = J-l

— 1 2H = — [pv, pwv, pv , (e + p) v]
rJ

E and F are the convective flux vectors in Cartesian coordinates.
The explicit forms of £, F and the viscous flux vectors can be
found in Ref . 1 ; J~l is computed from the expression

(3)

Because H and W are not evaluated on the singular (symmetry)
line, they are never singular.

Unlike the approach taken in Ref. 16, which was finite-differ-
ence, the current technique implements the discretization of Eq.
(1) with the finite-volume methodology. Although the transfomed
equation deviates from its integral formulation roots, local physi-
cal conservation is addressed when applying Eq. (1) to a cell in
physical space by calculating the flux terms and geometric terms at
the faces of the cell. The grid points themselves represent the verti-
ces of the cells. This is important at computational boundaries,
where the boundary conditions are handled in a manner consistent
with a cell interface representing a boundary; boundary conditions
are outlined later. The geometric terms (metrics and Jacobian) as-
sociated with Eq. (2) are calculated at cell centers from finite-dif-
ference expressions, and averaged to obtain values at cell inter-
faces. This approach is considered a hybrid finite-difference/finite-
volume approach by the authors.

For the second procedure, a pure, three-dimensional, finite-vol-
ume representation of the geometric terms is utilized. Again Eq.
(1) applies, but now

U = ) U

E = (rJ\)E+(rT\)F

F = (rT\x)E+(rT\r)F
(4)

H = [0, 0, -p, 0]

As before, E and F are the inviscid Cartesian flux vectors, but H
differs. Expressions for the geometric appearing in Eq. (4) are cal-
culated at cell interfaces from grid cell vertices (grid points). These
evaluations are straightforward, and the reader is referred to Ref.
17 for an excellent treatment of the subject.

For both procedures, the viscous terms are centrally differenced,
while the convective terms are upwind differenced. Discretization
of Eq. (1) is as follows:

. - . - . - .
. i .-E. i . + IF. i .-F. i

-R" -R"

The exact forms of E and F are provided later. The convective
fluxes are typically determined at cell interfaces in two ways,
using either a Monotonic Upwind Scalar Conservation Law

Table 2 Summary of comparison between computation and theory or experiment

Basis of
comparison
Tip stagnation

pressure
Streamwise

velocities
Surface

pressure
Integrated

base pressure

Comparison
with

Inviscid, perf .
gas theory

Law of wall/
law of wake24

Experiment30

Experiment9"14

Configuration
HC

PTOC and
BTOC

PTOC and
BTOC
CFB

Case
description

Case 5
(see Table 3)

y+~ 1
(see Table 2)

121 nodes along
body and y+ *** 1
3 1 nodes along

base and c± = 0.85

Difference
in result

0.5%

0.2%

4% (max)
1% (avg)

10% (max)
1% (avg)

Notes
Laminar

Turbulent

Turbulent

Turbulent

0.75 r
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0.65

u3

0.60

0.55

2000 4000 6000

Local Time Steps

j
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0.50
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Fig. 3 Convergence history with local time stepping (forebody/base
combination). Fig. 4 Total drag coefficient.



MORAN AND BERAN: SLENDER AXISYMMETRIC SHAPES 1449

(MUSCL) or non-MUSCL extrapolation. In the MUSCL ap-
proach, cell-centered values of primitive, conserved, or character-
istic variables are extrapolated to the interfaces; fluxes and numer-
ical fluxes are obtained from these quantities. The non-MUSCL
approach, on the other hand, calculates the fluxes and numerical
fluxes at cell interfaces directly from cell-centered information.
The current scheme uses the non-MUSCL technique. The authors
chose a non-MUSCL approach for this study because its imple-
mentation is more efficient and more straightforward than the
MUSCL form.

The explicit, second-order formulation employed for this study
is based on the work of Yee18 and Harten.19 The formulation is a
modification of Roe's first-order algorithm, and has been referred
to in the literature as a modified-flux scheme. This scheme
achieves second-order accuracy by applying Roe's first-order FDS
algorithm to a modified inviscid flux. The flux is chosen so that the
scheme is second-order accurate in regions of smoothness and
first-order at points of extrema (e. g., shocks). When using finite-
volume expressions for the geometric terms, the convective flux in
the ^-coordinate direction at the (/ + 1/2, j ) interface is approxi-
mated by

1.00r

12.5 r

10.0 -

2.5 5.0 7.5 10.0 12.5 15.00.0

Fig. 5 Grid for hemisphere cylinder, case 1.

1.00r

Finite-Difference Grid
Finite-Volume Grid

0.00
0.00 1.00

Finite-Volume Formulation
Cylindrical Transformation

0.00
0.00 1.00

Fig. 7 Comparison of surface pressure for modified solution proce-
dures.
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Fig. 8 Stagnation pressure from grid refinement tests.

A similar expression is obtained for the hybrid finite-difference/fi-
nite-volume approach; only the terms involving metrics differ. O
acts to limit the characteristic variables, thereby providing higher
accuracy. The current study uses the minmod limiter; details re-
garding the development and implementation of the limiter are
contained in Refs. 18 and 19. O also provides an entropy correc-
tion when the magnitude of the eigenvalues become small. En-
tropy correction prevents nonphysical solutions from developing,
as is well documented in the literature.18"20 The form of the en-
tropy corrected eigenvalues put forth by Harten19 is

A, = 28

IM
(7)

Fig. 6 Aberration in surface pressure at the stagnation point.

where the proper value of e can be very sensitive to the geometry
and the flowfield structure. Three relations were tested in this
study: a constant value, proposed by Harten19; a value proportional
to the contravariant velocities, proposed by Yee,18 and a value pro-
portional to the second derivative of the pressure, suggested by
Palmer and Ventkatapathy.16 Because the purpose for this correc-
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tion is to avoid the computation of nonphysical solutions, the func-
tions were evaluated on this basis. In particular, for the current
class of flows (axisymmetric, external, supersonic) avoiding aber-
rations near the singular line was the primary criterion used. Other
factors considered were impact on convergence to steady state and
dissipation side effects. Entropy correction was not applied near
the body surface to avoid adverse effects on the boundary layer.
Lin32 showed undesirable results when the function proposed by
Yee was used in the boundary layer. Lin put forth a modification to
allow the function to be used globally. However, the current au-
thors feel that the natural viscosity of the fluid prevents nonphysi-
cal solutions near the body without the addition of an entropy
function.

By far, the most accurate and robust function, for the flows ex-
plored herein, was obtained when e was proportional to the contra-
variant velocities.

£ = C, (8)

where GI was varied from 0.2 to 1.0. Equation (8) contains a small
modification to Yee's original formula, which included a contribu-
tion from the tangential velocity with respect to the grid interface
(Vc). The best results were calculated with cl = 0.2; results were
judged best because nonphysical solutions were avoided, conver-
gence was not impeded, and smearing due to the added dissipation
was minimized. A value of 0.2 was used for all calculations re-
ported in this study (except base flow experiments, explained
later). Some difficulties were still encountered near stagnation
points. These are also expounded upon in a later section.

Boundary Conditions
Due to the supersonic condition at both the inflow and outflow,

the boundary conditions were very straightforward. At the inflow,
freestream conditions were applied, and at the outflow, extrapola-
tion was used. For the body surfaces, no slip was applied, zero nor-

10°t

MO'1

ID-

Case!
Case?
Experiment (Ref. 6)

6 9
s / D

12 15

Fig. 9 Surface pressure, case 1 and case 7.

mal pressure gradient was used, and either constant wall tempera-
ture or an adiabatic wall was used. Finally, symmetry was
enforced using ghost cells for the finite-volume grid, and second-
order expressions for the finite-difference grid.

Turbulence Modeling
The well known and widely used Baldwin-Lomax turbulence

model21 is incorporated for the forebody boundary-layer simula-
tions. Two modifications, however, proved important. The first
changes the Van Driest damping factor to account for compress-
ibility and pressure gradients.22"24 The near-wall region, denoted
by A+, is redefined as

A+ = 26 • N • Z (9)

The nondimensional distance 26 is the incompressible value for a
smooth, nonporous, flat plate,24 N is the pressure gradient contri-
bution, and Z is the compressibility contribution.

Vdp/dx)
(10)

The second alteration improves the two coefficients in the outer re-
gion, Ccp and CUeb. According to Granville, the following func-
tional forms better match the law of the wake.25

r _
Ckleb -

2 0.01312
3 0.1724 + p*

CcP =
3-4CV

2CZU

(11)
i dx

12.5 r

10.0 -
a Experimental Shock

Surface (Ref. 6)

0.0
12.5 15.0

Fig. 10 Pressure contours, case 7.

Table 3 Summary of numerical experiments for hemisphere cylinder

Case
1
2
3
4
5
6
7
8
9

10

Grid size
61X61
91X61

121 X 121
121X121
121 X 121
121 X 181
121X181
121X181
121X181
121X181

A(s/Z))min

0.0390
0.0150
0.0100
0.0075
0.0050
0.0100
0.0100
0.0100
0.0100
0.0100

A6min

4.49
1.72
1.15
0.86
0.57
1.15
1.15
1.15
1.15
1.15

Comments
Av/D = 0.001, finite difference (FD) grid

"
"
"
"
"

Aj/Z) = 0.0001, FD grid
Global time step (GTS), FD grid

FV metrics, GTS, FD grid
Adiabatic wall, GTS, FD grid
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Fig. 11 Impact pressure, xlD = 3: a) case 1, b) case 3, c) case 7, and d) case 10.

For a flat base with a large, nearly stagnant region, it is difficult
to apply a conventional zero equation turbulence model. So, a
strictly empirical relation is used to compute turbulent viscosity in
the wake. This technique was originally applied to subsonic flow
in Ref. 26. We adapt the method and test its validity for supersonic
flow in this investigation. Turbulent viscosity is determined locally
from

0.2
(12)

where (it is the maximum viscosity in the boundary layer at the
forebody/base juncture, computed from the Baldwin-Lomax
model; <x> is the vorticity at that point. The researcher of Ref. 26
smoothed the eddy-viscosity with an exponential damping factor.
Smoothing was deemed neither desirable nor physical by the cur-
rent authors, and thus was not pursued in this study. The method
has the advantage of speed and low memory requirement. Al-
though highly empirical, the validity of this approach is shown
through numerical examples later.

Computer Resources
All grids were obtained using GRIDGEN,27 an elliptical grid

generator developed for Wright Laboratory, Wright-Patterson Air
Force Base, Ohio. Both finite-volume grid types (cell interface
along singular line), and finite-difference grid types (cell center
along singular line) were employed. Surface clustering was em-
ployed in the generation of all grids (typical grid, 61 x 61, for the
hemisphere cylinder shown in Fig. 5). Local time stepping was
used to accelerate the solution to steady state. The convergence
criterion was the reduction of L2(A<2) by five orders of magnitude.
For a turbulent solution, 5 }is of CPU time were required per time

step, per node point, on a CRAY Y-MP8. Also, approximately 110
words of memory were required per node point, or 2.4 megawords
for the finest grids used (22,000 points).

Results
Numerical simulations were performed for several geometries

and flow conditions to assess the general applicability of the meth-
odology developed. Flow over the forebody and flow in the wake
were calculated separately and together. In addition, both laminar
and turbulent conditions were analyzed over a broad range of
Mach numbers. Finally, several different nose-tip shapes (Fig. 1),
with varying degrees of bluntness, were investigated.

Accuracy and sensitivity issues are summarized in Tables 1 and
2. Details are highlighted in the sections that follow. Numerical ac-
curacy is judged from comparisons with theoretical solutions for
stagnation pressure and velocities in a turbulent boundary layer.
Additionally, the effect of the entropy correction parameter on sur-
face pressure is assessed for both the nose and wake regions.

Highly Blunted Tangent Ogive Cylinder, Laminar
This was the longest model used (LID = 23), and was particu-

larly blunt in comparison to other tangent ogive models tested. Its
length, highly blunted nose, and flat base made it a demanding
choice for full-configuration analysis. To increase the demand on
the algorithm, the solution was impulsively started from free-
stream initial conditions. These conditions were set to match those
of the ballistic gun range testing facility at Eglin Air Force Base. A
description of the system is given in Ref. 4. This is essentially an
open atmosphere system, so standard sea-level conditions were
chosen. To provide an unambiguous baseline for subsequent turbu-
lent calculations, strictly laminar flow was simulated on this con-
figuration.
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2.0

1.5

1.0

a) 0.5

2.0

1.5

1.0

b) 0.5

Current
Experiment (Ref. 30)

Current
Computed (Ref. 5)
Experiment (Ref. 30)

ence of fins are accounted for in the computations, thus the com-
parison is poor. However, if the computed base pressure is re-
placed by an empirical base pressure which accounts for turbulent
flow and the fins,28 the agreement shown in Fig. 4 is quite good,
considering the remaining discrepancy of some turbulent flow on
the forebody for the experimental tests.

Hemisphere Cylinder, Laminar
Due to a lack of experimental data, a detailed interrogation of

the flowfield was not performed during the earlier full-configura-
tion analysis of the highly blunted, tangent ogive cylinder (HB-
TOC). The experimental data for flow over a hemisphere cylinder
(HC),6 provides a more complete basis for evaluating the accuracy
of computed solutions both near the body and away from the body.
Again laminar flow was assumed in all simulations for this config-
uration.

The experiment was conducted in the continuous flow, closed
return, hypersonic wind tunnel located at the California Institute of
Technology. Computed solutions are compared to experimental
estimates of shock location, surface pressure, and impact pressure.
For the experiment, the reservoir pressure was 2.17 x 106N/m2

±0.01%, the supply temperature was 645 K ±0.4%, and the Mach
number was 7.7 ±1%. At Mach 7.78, the freestream test conditions
correspond to Re = 9.2 x 106/m. The experimental model was 19.1
mm in diameter (Fig. 1). Measured surface pressure and impact
pressure are accurate to within 2%; shock slope and position are
accurate to within 3% (Ref. 6).

Except where noted, all solutions were obtained using Tw =
700 K, local time stepping, and the cylindrical transformation
[Eqs. (1) and (2)]. Table 3 summarizes the case history of numeri-
cal experiments. The grid type [finite-volume (FV) or finite-differ-

2.0

1.5

1.0

c) 0.5

Current
Experiment (Ref. 30)

1 2 3 4 5 6 7 8 9
x/D

Fig. 12 Surface pressure: a) tip P, b) tip R3, and c) tip F3.

Two techniques dramatically accelerated convergence to steady
state. First, the Reynolds number was artificially set to 1 x 1010 at
t = 0. After the shock wave moved away from the body (outside
the boundary layer), the Reynolds number was reset to the correct
value. Second, during the transient flow development, a lower
limit on density and pressure was used to prevent negative values
on the base, typically pmin = 0.01 p^ andpmin = 0.01 p^. This addi-
tional restriction on the base was continuously enforced, but actu-
ally only necessary for the first few hundred iteration from an im-
pulsive start.

The computed solution for M^ = 3 and Re = 6.99 x 107/m is pre-
sented in terms of pressure contours and surface pressure in Figs.
2a and 2b, respectively. The effects of the highly blunted nose are
evidenced by the relatively long recovery of surface pressure to the
freestream value. The convergence history shows the robustness of
the present method (Fig. 3). Total computing time, using the con-
vergence criterion related above, is about 9 min on a CRAY Y-
MP8. Finally the total drag (wave, friction, and base) is compared
to the drag on the experimental model with fins (Fig. 4). Unfortu-
nately, the base pressure is drastically affected by the existence of
fms and turbulent flow.10'11 Neither turbulent flow nor the pres-

15.0 r

12.5

10.0

7.5

5.0

2.5

0.0

Current
Computed (Ref. 5)
Experiment (Ref. 30)

a) 0.25

15.0 r

12.5

10.0

7.5

5.0

0.30 0.35 0.40
x/D

0.45 0.50

b) u

2.5

0.0

- Current
Experiment (Ref. 30)

0.25 0.30 0.35 0.40 0.45 0.50
x/D

Fig. 13 Nose region surface pressure: a) tip R3 and b) tip F3.
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Current (Original B/L Model)
Computed (Ref. 5)
Experiment (Ref. 30)

0.75 u / u «
0.90 1.05

Fig. 14 Velocity profiles, tip R3: a) x/D = 3.26, b) x/D = 5.05, and c) xl
D = 6.33.

ence (FD)] had an undesirably large influence on the solution char-
acter near the stagnation point. Again, a FV grid has cell interfaces
on the symmetry line, while a FD grid has cell centers on the sym-
metry line. As seen in Fig. 6, the FV grid produced a local aberra-
tion in the pressure, manifested as an over prediction in stagnation
pressure. It is important to note that this error is not the same as
stagnation region distortions reported in the literature as carbun-
cles.16'29 This phenomenon did not appear to begin at the shock,
and was not accompanied by recirculating flow as with the carbun-
cle. The entropy function appeared to effectively prevent the car-
buncle anomaly. Because similar calculations, using MUSCL ex-
trapolation to achieve higher accuracy,29 did not demonstrate this
error, the authors believe non-MUSCL extrapolation accentuated
the geometric singularity when using a FV grid. According to
Palmer and Ventkatapathy,16 the "key to effectively treating the
singularity line boundary lies not in boundary conditions them-
selves, but rather in the proper determination of the metric and flux
terms on the singular line." This observation is underscored by the
results of this work. A different form of extrapolation (non-
MUSCL vs MUSCL) was used in the current scheme, as well as
cylindrical vs Cartesian equations. Nonetheless, either technique
worked well when using a FD grid (Fig. 7). For the remainder of
tests on this geometry, and the rest of the study, a FD grid was em-
ployed.

Because the entropy correction function is not used in the
boundary layer on the nose and forebody computations, its magni-
tude primarily affects the solution away from the body. As previ-
ously stated, the entropy correction function is made large enough
to prevent nonphysical solutions; increases beyond that point af-
fect stagnation pressure less than 0.2%.

The grid-refinement experiments (cases 1-6) are evaluated by
examining the stagnation pressure as a function of the node spac-
ing at the surface, A(y/D)min, and the node spacing at the singular
line, A6min. The computed stagnation pressure is compared to the
value predicted from inviscid, perfect gas theory. The computed
stagnation pressure accuracy depends primarily on the grid spac-
ing along the body, near the symmetry line; the error decreases as
this spacing decreases. The effect due to spacing at the singular
line is shown in Fig. 8. The computed pressure (nondimensional)
appears to approach asymptotically the theoretical value of 0.925.
The values differ by about 2% for the coarsest grid and less than
0.5% for A6min « 0.57 deg (see Table 2). In contrast, stagnation
pressure error is virtually unaffected by grid refinement normal to
the body, and varied < 0.1% for the range of spacing tested, 0.0001
< A(y/D)min < 0.001 (see Table 1). Although not compared to an
exact solution, surface pressure away from the stagnation point ex-
hibits identical sensitivity to grid refinement. A comparison with
experiment is shown in Fig. 9 for cases 1 and 7. Agreement within
experimental accuracy is achieved. Computed pressure contours il-
lustrate that shock location and shape are also accurately predicted
(Fig. 10). A notable exception is the slight over prediction in
standoff distance, which the authors attribute to the perfect gas as-
sumption. Finally, impact pressure profiles examined at a station
downstream of the nose, x/D = 3 are in Fig. 11 for cases 1, 3, 7,
and 10. Two points highlight the impact pressure profiles. First, as
with surface pressure, grid refinement did not appreciably alter the
solution near the body. Second, although undocumented by the ex-
periment, an adiabatic wall condition matches the experimental
data best. Again, agreement within the experimental accuracy is
achieved.

Pointed and Blunted Tangent Ogive Cylinder, Turbulent
The turbulent boundary layer on a projectile or missile is af-

fected by the nose geometry for several reasons. First, the transi-
tion to turbulent flow is affected by the higher entropy, lower
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Fig. 15 Vorticity interaction on tip R3: a) vorticity contours and b)
velocity profile at x/D = 3.26.
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Mach number fluid near the stagnation point of blunt noses. Sec-
ond, the vorticity associated with shock curvature interacts with
the boundary layer downstream of the nosetip. Third, for the case
of a flat nosetip, the flow separates. Therefore, a series of nose
shapes are investigated to evaluate the accuracy of the current al-
gorithm to calculate a developing boundary layer, under differing
upstream conditions. Experiments are used for comparison.30

The experiments were carried out in the Princeton University 20
x 20 cm, supersonic, high-Reynolds number, blow-down tunnel.30

The reservoir pressure was 6.8 x 105N/m2 ±1% and the supply
temperature was 265 K ±5%. At Mach 2.95 these correspond to Re
= 6.3 x 107/m. The experimental models were 4.95 cm in diameter
and are shown in Fig. 1. To distinguish between the nose shapes,
the experimental terminology is adopted; tip P refers to the pointed
model, tip F3 refers to the flat nose model, and tip R3 refers to the
spherically blunted model.

During the Princeton experiments, the wall temperature re-
mained within 3% of the adiabatic value. Boundary layer transition
occurred at s/D ~ 0.9-1.5 for tip P, at s/D ~ 0.7-1.1 for tip F3,
and at s/D ~ 1.5-2.5 for tip R3, where s is the distance along the
surface from the stagnation point. The accuracy in the surface
pressure measurements was ±1.0%. However, variations in the
data due to changing stagnation conditions over the duration of the
experiments showed a stagnation pressure variance of about ±3%.

Boundary layer transition was not simulated. Rather, a point of
transition to a fully turbulent boundary layer was specified. Down-
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Fig. 16 Velocity profiles, tip P: a) x/D = 3.26, b) x/D = 5.05, and c) x/D
= 6.33.

1.05

Fig. 17 Velocity profiles, tip F3: x/D = 3.26, b) x/D = 5.05, and c) x/D
= 6.33.

stream of this point, the turbulence model was used. These transi-
tion points were s/D = 0.8, s/D = 1.0, and s/D = 1.7 for tips F3, P,
and R3, respectively. The performance of the algorithm was not
adversely affected by the abrupt change in effective viscosity (a
small variance was detectable in the pressure at the surface).

It is well known that Roe-type approximate Riemann solvers,
which include information about all waves, can accurately calcu-
late boundary layers in relatively coarse mesh.33 Therefore, the
grid refinement analysis concentrated on the appropriate spacing
nearest the body. For turbulent flow computations, the velocity
gradients at the surface varied significantly with grid spacing nor-
mal to the surface. However, there were no further variations for
grid refinement equivalent to v^ < 1. (See Table 1; y+is the dis-
tance from the body surface nondimensionalized using shear ve-
locity.) For vwall «* 1 the time-averaged velocities in the turbulent
boundary layer are compared to the law of the wall/law of the
wake. Velocity error throughout the boundary layer is ±0.2% (see
Table 2). This is an appropriate comparison, as the Baldwin-
Lomax turbulence model was developed to produce law of the
wall/law of the wake profiles.

Surface pressures are computed to within experimental accu-
racy; comparison is shown in Fig. 12 for tips P, R3, and F3. Also
shown are the computations of Ref. 5 for tip R3. Figure 13 shows
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the comparison for the first six pressure taps on the nose of tips R3
and F3. The current calculation shows expansion on tip F3 slightly
sooner than the experimental data. The pressure rise due to the re-
compression shock is accurately predicted, however.

Because boundary-layer development is sensitive to a pressure
gradient, the modifications to the turbulence model described ear-
lier proved important in this region. Figure 14 shows computed ve-
locity profiles for tip R3 using the original Baldwin-Lomax turbu-
lence model and the modified model. The computations of Ref. 5
are also included for comparison. In Ref. 5 the original Baldwin-
Lomax model and a transition model (polynomial function) were
used; transition was initiated at s/D *** 0.5, and fully turbulent con-
ditions were achieved at s/D **« 1.5. Results from Ref. 5 agree qual-
itatively with the current results using the original Baldwin-Lomax
model. The authors attribute differences between the current calcu-
lations using the original model and those of Ref. 5 to differences
in transition modeling. Significant improvement with the modified
Baldwin-Lomax model is visible.

The boundary layer thickens quickly downstream of the transi-
tion point. This is discernible from the vorticity contours (Fig.
15a). The vorticity associated with the bow shock interacts with
the rapidly thickening boundary layer near the ogive-cylinder
shoulder. The vorticity contours clearly depict that the shock layer
and boundary layer merge. The arrow in Fig. 15b shows the ap-
proximate point above the surface where this merger can be seen
for x/D = 3.26. The small depression in the velocity profile is fur-
ther evidence of the interaction.

Computed profiles from the modified model are also shown for
tips P and F3 in Figs. 16 and 17, respectively. Excellent agreement
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Fig. 20 Base pressure coefficient.

with experiment is again obtained, with the exception of the final
station on tip P. The authors have no explanation for this isolated
discrepancy.

Separation on the flat nose tip, F3, is visible in the streamlines
produced from the current calculations (Fig. 18). The extent of the
separation region is approximately 1 caliber. Although separation
was not clearly visible in the experimental data, this result agrees
both qualitatively and quantitatively with the calculations of Ref. 5.
Cylinder-Flat Base, Turbulent

To establish the validity of the wake region turbulence model,
the analysis is done with the base flow isolated from the forebody.
The computational model has a small cylindrical section
(^0.05D) prior to the flat base allowing upstream influence of the
corner expansion within the boundary layer. The boundary-layer
solution, specified at the inflow boundary of the computational do-
main, is taken from theory.24 Upstream of the comer, the modified
Baldwin-Lomax model is used. Downstream of the corner, Eq.
(12) is implemented. Over the range of Mach numbers, Reynolds
number is held fixed at ReD = 5 x 105.

The compiled experimental measurements9"14 are all for
pointed, cylindrical, unfinned bodies withL/D ^10, and turbulent
flow at the body/base corner. The exception is the body in Ref. 13
which had fins and 6.5 < L/D < 30. For all bodies, ReL = 2 x 106 to
9 x 106.

The computed solution at the rearward stagnation point exhibits
behavior similar to the forward stagnation point; local aberration
in pressure results in an overprediction at the stagnation point. Al-
though some improvement results from using a FD grid type, the
pressure still varies across the base an order of magnitude above
experimental measurements. By increasing the coefficient in the
entropy correction function to 0.85, much better behavior is seen.
The base pressure is compared to experiment31 in Fig. 19. The ef-
fect of changing the entropy function on the total or integrated
base pressure coefficient is small (about 4%). Therefore, all base
flow numerical experiments were conducted with e = 0.85. It is
very important to keep in mind that entropy corrections manifest
themselves as additional artificial dissipation in the algorithm. In
addition, a universal function does not yet exist, and they remain
very geometry dependent. Due to the empiricism of the turbulence
model, a more rigorous approach was not attempted.

The integrated pressure coefficient compares very well with the
experimental data (Fig. 20). In spite of its empiricism, the wake
turbulence model accurately simulates the macroscopic nature of
the flow.

Conclusions
The current algorithm represents an efficient implementation of

finite-volume methodology, both in terms of computational rate
and memory requirement. The general applicability of the method
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is validated through the accurate calculation of a wide variety of
axisymmetric flow structures: detached bow shocks, recompres-
sion shocks (both in the wake and at a separated region near the
nosetip), corner-point expansions, base-flow separations and asso-
ciated recirculations, and turbulent boundary layers. Results are in
close agreement with published experimental estimates (within ex-
perimental accuracy). The complicated turbulent boudary-layer
development is accurately calculated for various nose-tip shapes
with a modified Baldwin-Lomax turbulence model. The algo-
rithm's robustness is enhanced by artificially increasing the Rey-
nolds number and controlling the boundary conditions on the base
during the initially transient flow development. The effectiveness
of this approach is demonstrated by the algorithm's efficiency
throughout the range of conditions tested, including the case of a
complicated boundary layer/shock interaction associated with the
separation near the corner of the flat nosetip.

The results bolster the primary purpose of this investigation: the
development and validation of an efficient, accurate, and flexible
numerical scheme for the simulation of axisymmetric, high-speed,
viscous flows. This work is now the foundation for the construc-
tion by the authors of an algorithm for the calculation of fully
three-dimensional flows. While completing the study, some nota-
ble complexities arose that required the authors to develop impor-
tant modifications of previously published techniques. These im-
provements will be reflected in the analyses of three-dimensional
flows that the authors are initiating.

Modifications were primarily made to the treatment of singular
lines, the wake turbulence model, and the entropy correction func-
tion of Yee. An aberration was encountered near stagnation points
that is different from the previously documented carbuncle phe-
nomenon. When using non-MUSCL extrapolation to obtain fluxes,
a finite-volume grid type (cell interfaces along singular line) ac-
centuated the geometric singularity to produce the aberrant behav-
ior. For the range of tests conducted, a finite-difference gird, used
with finite-volume methodology worked well for non-MUSCL ex-
trapolation. An empirical wake region turbulence model was
adapted from Ref. 26 for supersonic flow. The simple empirical
distribution showed good agreement with the experiments for the
considered test cases. The magnitude of the parameter associated
with the entropy correction function was much higher for the flat
base geometry than the forebody. Further analysis for other types
of flux extrapolation and limiter implementation is warranted.
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